It is shown how different kind of generalizations of the Calogero-Moser-Sutherland model (n-particle system on a line interacting with pairwise 1/ sinh 2 x potential) arise applying a Hamiltonian reduction to the geodesic motion on GL(n, R) group manifold. In particular, considering the motion on the Principal orbits, we arrive at the dynamics of n-particle system with two types of internal degrees of freedom obeying the SO(n, R) algebra, while for the Singular orbits the reduced system coincides with the certain deformation of the Euler-Calogero-Moser-Sutherland model. Deformation parameters depend on the type of the Singular orbit and characterize the mass ratios of the particles and "strength" of their pairwise interaction.
Introduction
Almost twenty years ago a possibility was discovered to maintain the integrability of the Calogero-Moser-Sutherland models [1] (classification and description one can find in [2] ) supposing that the particles moving on a line have additional internal degrees of freedom [3, 4] . The generic elliptic Calogero-Sutherland-Moser type system, which consists of nparticles on a line interacting with pairwise potential in the form of Weierstrass elliptic function V (z) = ℘(z), admits the following generalization [5] 
Here apart from the canonical pairs (x i , p i ), describing the position and momenta of the particles on the line and obeying nonvanishing Poisson brackets
the "internal" degrees of freedom f ab satisfying the algebra
are included. One of the most effective and transparent way to convince in the integrability of a Hamiltonian system is to find a known higher-dimensional exactly solvable model, whose dynamics on the certain invariant submanifold coincides with the dynamics of a given Hamiltonian system. This method is known as the symplectic reduction method [7] [8] [9] . As it was claimed in ( [10] and references therein), the Calogero-Sutherland-Moser system with the so-called degenerate cases of the potential, when the Weierstrass elliptic function ℘(z) reduces to 1/ sinh 2 z, 1/ sin 2 z or to the rational function 1/z 2 , such exactly solvable models represents the geodesic motion on symmetric spaces. Furthermore, it has been argued in [11] that the symplectic reduction relates the elliptic Calogero-Sutherland-Moser system with the certain integrable Hamiltonian system on the cotangent bundle to the central extension of two dimensional Lie algebra of SL(n, C)-valued currents on the some elliptic curve.
In the present Letter we shall exploit the idea of symplectic reduction in order to find the different type of generalization of the Calogero-Sutherland-Moser models. Namely, we shall consider the integrable model describing the geodesic motion on the general linear matrix group with a positive determinant GL + (n, R), 3 endowed with the certain left and right-invariant metric. In terms of this bi-invariant metric on GL(n, R) the dynamics is encoded in the Lagrangian [7, 8] 
where g ∈ GL(n, R), and dot over the symbols denotes differentiation with respect to time. Bellow we shall represent the Hamiltonian system corresponding to this Lagrangian (4) in terms of a special parameterization, adapted to the action of the symmetry group of the system. We shall demonstrate that the resulting Hamiltonian is a generalization of the Calogero-Sutherland-Moser model with a potential 1/ sinh 2 z by introducing two internal variables "spin" and "isospin". Performing the Hamiltonian reduction owing to two types of symmetry: continuous and discrete, we show how to arrive at the conventional Hamiltonian of the Euler-Calogero-Sutherland model
with the internal variables l ab = −l ba , obeying the SO(n, R) algebra
Another interesting systems arise when the dynamics takes place on the Singular orbits of GL(n, R). We found in this case a new integrable model represented the certain class of deformed Calogero-Moser-Sutherland model. In particular, our analysis shows that dynamics on the Singular orbits with the isotropy group SO(2) ⊗ Z 2 of the GL(4, R), corresponds to the Euler-Calogero-Moser-Sutherland model with three particles whose mass ratios m 3 : m 2 : m 1 = 2 : 1 : 1 are the same as ratios of strength of pairwise "potentials" (see eq. (55) ). This observation allows us to explain the classical integrability of the Euler-Calogero-Moser-Sutherland model with different masses in the framework of the Hamiltonian reduction. The question of the integrability of the mass deformed Calogero-Moser-Sutherland model has been discussed in [12] and references therein. 
This form allows to write the general solution
depending on two arbitrary constant matrices g(0) and J. The special choice of these matrices corresponds to the particular solutions describing the motion on a certain invariant manifold. In order to find among the invariant manifolds the manifold corresponding to the conventional Euler-Calogero-Moser-Sutherland model (5) , it is useful to pass to the Hamiltonian description of the geodesic motion on GL(n, R).
Hamiltonian formulation in terms of special coordinates
The canonical Hamiltonian corresponding to the bi-invariant Lagrangian (4) reads
The nonvanishing Poisson brackets between the fundamental phase space variables are
To find out the relation to the conventional Euler-Calogero-Moser-Sutherland model (5), it is convenient to use the polar decomposition [13] for an arbitrary element of GL(n, R). For the sake of technical simplicity we investigate in details the group GL(3, R) hereinafter, i.e.
where S is a positive definite 3×3 symmetric matrix, and
Since the matrix g represents an element of GL(n, R) group, we can treat the polar decomposition (11) as a uniquely invertible transformation from the configuration variables g to a new set of six Lagrangian coordinates S ij and three coordinates φ i . The induced transformation of momenta to new canonical pairs (S ab , P ab ) and (φ a , P a ) is
where
Here η L a are three left-invariant vector fields on SO(3, R)
In terms of the new variables, the canonical Hamiltonian takes the form
The system (15) is invariant under the orthogonal transformations S ′ = R T S R, and the orbit space is given as a quotient space S/SO(3, R). The quotient space S/SO(3, R) is a stratified manifold; orbits with the same isotropy group are collected into strata and uniquely parameterized by the set of ordered eigenvalues of the matrix S x 1 ≤ x 2 ≤ x 3 . The strata are classified according to the isotropy groups which are determined by the degeneracies of the matrix eigenvalues:
(1) Principal orbit-type stratum, when all eigenvalues are unequal x 1 < x 2 < x 3 , with the smallest isotropy group Z 2 ⊗ Z 2 . (2) Singular orbit-type strata forming the boundaries of orbit space with (a) two coinciding eigenvalues (e.g.
, here the isotropy group coincides with the isometry group SO(3, R).
Hamiltonian on the Principal orbit
Now we shall at first restrict ourselves to the investigation of dynamics which takes place on the Principal orbits. To write down the Hamiltonian describing the motion on the principal orbit stratum, we introduce the coordinates along the slices x i and along the orbits χ. Namely, since the matrix S is positive definite and symmetric, we use the mainaxes decomposition in the form
where R(χ) ∈ SO(3, R) is an orthogonal matrix parameterized by three Euler angles χ = (χ 1 , χ 2 , χ 3 ), and the matrix e 2X is a diagonal e 2X = diag e 2x 1 , e 2x 2 , e 2x 3 . The original physical momenta P ik are expressed in terms of the new canonical pairs (x i , p i ) and (χ i , p χ i ) as
In the representation (17), we introduce the orthogonal basis for the symmetric 3 × 3 matrices α A = (α i , α i ) i = 1, 2, 3 with the scalar product tr(ᾱ aᾱb ) = δ ab , tr(α a α b ) = 2δ ab , tr(ᾱ a α b ) = 0 and the SO(3, R) right-invariant Killing vectors
After passing to these main-axes variables, the canonical Hamiltonian reads (9) after projection onto a certain invariant submanifold determined by discrete symmetries. Let us impose the condition of symmetry of the matrices g ∈ GL(n, R)
In order to find an invariant submanifold, it is necessary to supplement the constraints (24) with the new ones
One can check that the surface defined by the set of constraints Ψ A = (ψ (1) a , ψ (2) a ) represents an invariant submanifold in the GL(3, R) phase space, and the dynamics of the corresponding induced system is governed by the reduced Hamiltonian
The matrices S and P are now symmetric nondegenerate matrices, and one can be convinced that this expression leads to the Hamiltonian of the IIA 3 Euler-Calogero-Moser-Sutherland model. To verify this statement, it is necessary to note that the Poisson matrix
b } is not degenerate and after projection on the invariant submanifold, the canonical Poisson structure is changed according to the Dirac prescription
for arbitrary functions F and G. The resulting fundamental Dirac brackets between the main-axes variables are
and the Dirac bracket algebra for the right-invariant vector fields on SO(3, R) reduces to
Using the representations (16) and (17) , we find out that after projection to the constraint surface (29), the Hamiltonian reduces to
After rescaling of the variables 2x a → x a , we convinced that the derived Hamiltonian coincides with the Euler-Calogero-Moser-Sutherland Hamiltonian (5), where the intrinsic spin variables are l R ij = ǫ ijk ξ R k .
Apart from the integrals η R the system (9) possesses other integrals. When these integrals are used, there appear several ways to choose an invariant submanifold and to derive the corresponding reduced system. The integrals of motion corresponding to the geodesic motion with respect to the bi-invariant metric on GL(n, R) group are
The algebra of this integrals realizes on the symplectic level the GL(n, R) algebra
After transformation to the scalar and rotational variables (16) , the expressions for current J reads
where i a = (abc)
and
Here we would like only to mention that after performing the reduction to the surface defined by the vanishing integrals j a = 0, we again arrive at the same Euler-Calogero-Moser-Sutherland system.
Lax-pair for Generalized Euler-Calogero-Moser-Sutherland model
The expressions (33) for the integrals of motion help to rewrite the classical equation of motion for Generalized Euler-Calogero-Moser-Sutherland model in the Lax form 4
where the 3 × 3 matrices are given explicitly as
Entries A a and L ± a of the matrices (37) are given as
where (a, b, c) means cyclic permutations of (1, 2, 3).
Singular orbits
In the previous sections we have investigated the system on the Principal orbit stratum, i.e. under the supposition that the symmetric matrix S in the polar representation (11) has three different eigenvalues. There are two ways to find the dynamics of our model on the Singular orbits. The first is to impose the condition of degeneracy of eigenvalues on the matrix level and proceed further with the method of Lagrange multipliers. Another way, which we shall follow, is based on the observation that the Singular orbits of configuration space represent the boundary of Principle orbits. Supposition of the continuity of classical motion allows to extend the Hamiltonian (23), given on the Principal orbit to its boundary by imposing a condition of eigenvalues degeneracy supplemented by additional conditions that guarantee the invariant character of dynamics on the Singular orbit. Below we exemplify this idea considering the geodesic motion on the Singular orbits with two coinciding eigenvalues of the matrix S for GL(3, R) and GL(4, R) groups. For the sake of technical simplicity, we restrict ourselves to the invariant submanifold of the phase space, defined by η R = 0.
Singular orbits of GL(3, R)
The motion on the Singular orbit is modified due to the continuous isotropy group. For the case of GL(3, R), and two equal eigenvalues of the symmetric matrix S, it is SO(2) ⊗ Z 2 . This symmetry of dynamical system is encoded in constraints on phase space variables
One can check that this surface represents the invariant submanifold for the Hamiltonian system defined on the Principle orbit with inclusion of its boundary. Noting that this constraints are the second class constraints in the Dirac terminology [9, 14, 15] and thus in order to project onto the surface (40) it is necessary to replace the Poisson brackets by the Dirac ones. One can easy to verify that for the canonical variables (x, p) the corresponding nonzero fundamental Dirac brackets are
while for the angular variables we have
After introducing these new brackets, one can treat all constraints in the strong sense, letting the constraint functions to vanish. As a result the angular variables and (x 3 , p 3 ) are excluded and the Hamiltonian (23) reduces to the two dimensional Hamiltonian
with an arbitrary constant g 2 related to the value of the spin ξ R . It is interesting to note that following the interpretation of the Hamiltonian system (43) in terms of particles, one can say that the motion on Singular orbit corresponds to the "gluing" of two particles and formation of the bound particle with double mass. Although the obtained two-dimensional system is translational invariant and thus it is reducible to integrable one-dimensional model, it is useful to present here the corresponding Lax pair. Its form makes transparent the generalization to the higher dimensional models with different masses. The Lax pair for system (43) can be obtained from the L and A matrices (37) letting η R = 0 and projecting on the constraint shell (40)
Singular orbits of GL(4, R)
In order to get nontrivial Euler-Calogero-Moser-Sutherland system with different masses of particle let us consider the dynamics on Singular orbits of the GL(4, R) group manifold. We present here results for the case η R = 0 and restrict ourselves by the Singular orbit characterizing with two equal eigenvalues x 3 = x 4 . The invariant submanifold is fixed by the five constraints
The Poisson matrix ||{ψ m , ψ n }|| , m, n = 1, . . . , 5 on constraint shell (47) is degenerate with rank||{ψ m , ψ n }|| = 4. Thus among this functions there is one first class constraint and four second class constraints. This means that on the Singular orbit the dynamical system possesses the certain gauge invariance and in order to eliminate the pure gauge degrees of freedom we can fix the gauge. To find out the proper gauge and simplify the constraints (47) it is useful to pass to the Cartesian form of the angular-type variables
and choose the following gauge-fixing condition
Using this condition the initial constraints are simplified and finally the reduced phase space corresponding to the Singular orbit is defined by the four second class constraints ψ, Π,ψ,Π
which form an invariant submanifold of the phase space under the action of the discrete permutation group S 2 
After rescaling the variables 2p 3 → p 3 , 2l ij → l ij and projection to constraint shell (50) and (51), the system with Hamiltonian (5) reduces to the following one H
GL(4,R) =
with the Poisson bracket algebra 
After projection to the invariant submanifold corresponding to the motion on the Singular orbits we arrive at the Lax matrices
Thus the Lax matrices for three particle Euler-Calogero-Moser-Sutherland model with masses 1, 1, 2 are given by the 4 × 4 matrices (61) and (62).
Concluding Remarks
Nowadays we have revival of the interest to a matrix models (see e.g. [17] ) connected with the search of relations between the supersymmetric Yang-Mills theory and integrable systems (for a modern review see [18] ). As it has been shown in recent paper, [19] the Euler-Calogero-Moser-Sutherland model with certain external potential describes the gauge invariant long-wavelength approximation of the SU(2) Yang-Mills. In the context of the consideration of higher dimensional gauge groups it is interesting to explore the mechanics on general linear group manifold. In the present Letter we have considered the simplest version of bi-invariant geodesic motion on GL(n, R) group manifold and apply the symplectic reduction method. The configuration space of the model is a stratified manifold, including the Principal orbit stratum and Singular-orbit strata. We demonstrate that the motion on the Principal orbit stratum corresponds to the integrable many-body system of free particles on a line with two types of internal dynamical variables "spin" and "isospin", which is a generalization of the Euler-Calogero-Moser-Sutherland model. To clarify its relation to the well-known integrable model we have implemented two different types of reduction: due to discrete symmetry and due to continuous symmetry. In both cases we derived IIA n Euler-Calogero-Moser-Sutherland model. It was shown that the dynamics on the Singular orbits corresponds to the certain deformation of the Euler-Calogero-Moser-Sutherland model in a sense of description of particles with different masses, whose mass ratio depends on the character of Singular orbits (its degeneracy). As examples were considered the cases of GL(3, R) and GL(4, R), restricted to the Singular orbits with two coinciding eigenvalues. In the first case the reduced system coincides with the IIA 2 Calogero-Moser-Sutherland model whereas in the second one with the IIA 3 Euler-Calogero-Moser-Sutherland model. In both cases the particle masses are 2m 3 = m 2 = m 1 .
